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Abstract Theory of Pythagorean fuzzy sets possesses significant advantages in handling vagueness 

and complex uncertainty. Additionally, Pythagorean fuzzy information is useful to simulate the 

ambiguous nature of subjective judgments and measure the fuzziness and imprecision more flexibly. 

The aim of this research is to develop the concept of the Pythagorean fuzzy ideal of a near ring and 

discusses their desirable properties. Based on the ideas, this paper introduces a novel concept of 

homomorphism of pythagorean fuzzy ideals of near rings.   
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1  Introduction 

 

Zadeh [1] introduced the idea of fuzzy set which has a membership function,   that assigns to 

each element of the universe of discourse, a number from the unit interval [0, 1] to indicate 

the degree of belongingness to the set under consideration. The notion of fuzzy sets 

generalizes the theory of classical sets by allowing intermediate situations between the whole 

and nothing. In a fuzzy set, a membership function is defined to describe the degree of 

membership of an element to a class. The membership value ranges from 0 to 1, where 0 

shows that the element does not belong to a class, 1 means belongs, and other values indicate 

the degree of membership to a class. For fuzzy sets, the membership function replaced the 

characteristic function in crisp sets. Since the pioneering work of Zadeh, the fuzzy set theory 

has been used in different disciplines such as management sciences, engineering, 

mathematics, social sciences, statistics, signal processing, artificial intelligence, automata 

theory, medical and life sciences. 

The concept of fuzzy sets theory seems to be inconclusive because of the exclusion of 

nonmembership function and the disregard for the possibility of hesitation margin. Atanassov 

[2] critically studied these short comings and proposed a concept called intuitionistic fuzzy 

sets (IFSs). The construct (that is, IFSs) incorporates both membership function,   and 

nonmembership function,   with hesitation margin,   (that is, neither membership nor 
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nonmembership functions), such that 1  and 1=  . The notion of IFSs provides 

a flexible framework to elaborate uncertainty and vagueness. There are lots of research work 

done in the area of IFSs in [3-6]. 

There are situations where 1 , unlike the cases capture in IFSs. This limitation in 

IFS naturally led to a construct, called Pythagorean fuzzy sets (PFSs). Pythagorean fuzzy set 

(PFS) proposed in [7, 8] is a new tool to deal with vagueness considering the membership 

grade,   and nonmembership grade,   satisfying the co,tions  or 10  , and also, it 

follows that 1222   , where   is the pythagorean fuzzy set index. The construct of 

PFSs can be used to characterize uncertain information more sufficiently and accurately than 

IFS. Garg [9] presented an improved score function for the ranking order of interval-valued 

Pythagorean fuzzy sets (IVPFSs). Based on it, a pythagorean fuzzy technique for order of 

preference by similarity to ideal solution (TOPSIS) method by taking the preferences of the 

experts in the form of interval-valued Pythagorean fuzzy decision matrices was discussed 

[10]. Other explorations of the theory of PFSs can be found in [11-12]. Obviously, PFS is 

more capable than IFS to model the vagueness in the practical problem. 

The notions of fuzzy subnear-ring and ideal were first introduced by Abou-Zaid in [13]. 

The notion of fuzzy ideals of near rings with interval valued membership functions introduced 

by Davvaz [14] in 2001. Kim and Jun [15] in their paper entitled "Normal fuzzy R-subgroups 

in nearrings" introduced the concept of a normal fuzzy R-subgroup in near-rings and explored 

some related properties. In [16], Kuncham et al., introduced fuzzy prime ideal of near-rings. 

In[17] Biswas introduced the concept of anti-fuzzy subgroups of groups, Kim and Jun 

studied the notion of anti-fuzzy R-subgroups of near-ring in [18], and Kim et al. studied the 

notion of anti-fuzzy ideals in near-rings and introduced the concept of generalized anti-fuzzy 

bi-ideals in ordered semigroups. 

The rest of the paper organized as follows. In Section 2, the preliminaries and some 

definitions are given and present some algebraic structures of Pythagorean fuzzy sets. In 

Section 3, we studied the definition of the pythagorean fuzzy ideal of a near ring and 

discussed some important properties of pythagorean fuzzy ideals of a near ring. Finally, a 

conclusion is made in Section 4. 

 

 

2  Preliminaries and Definitions 

  

In this section, we recall the related concepts to the fuzzy sets, the intuitionistic fuzzy sets and 

the pythagorean fuzzy sets as the definition of intuitionistic fuzzy set, pythagorean fuzzy set. 

The definition of upper and lower cut on a fuzzy set is represented. We also give an analysis 

of this concept when applied to the pythagorean fuzzy set.  

Definition 1. A fuzzy set A  in a universal set X  is defined as }|)(,{= XxxxA A    where 

[0,1]: XA  is a mapping called the membership function of the fuzzy set A . 

The complement of   denoted by  , is the fuzzy set in X  given by )(1=)( xx    for 

all Xx .  

Definition 2. For any [0,1]t  and a fuzzy set   in a non-empty set X , the set

})(|{=);( txXxtU   is called an upper t -level cut of  , and the set

})(|{=);( txXxtL   is called a lower t -level cut of  .  

Definition 3. Let X  be a fixed set. An intuitionistic fuzzy set (IFS) I  in X  is an expression 

having the form  
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 },:)(),(,{= XxxxxI II    

where the functions )(xI  and )(xI  are the degree of membership and the degree of non-

membership of the element Xx  respectively. Also [0,1]: XI , [0,1]: XI  and 

1)()(0  xx II  , for all Xx . 

The degree of indeterminacy )()(1=)( xxx III   .  

In practice, may be for some reason, the condition 1)()(0  xx  , is not true. For 

instance, 1>1.1=0.70.4  but 1<0.70.4 22  , or 1>1.2=0.70.5  but 1<0.70.5 22  . To 

overcome this situation, in 2013 Yager[24] introduced the concept of the pythagorean fuzzy 

set.  

Definition 4. A PFS P  in a finite universe o discourse X  is given by  

 },|)(),(,{= XxxxxP PP    

where [0,1]:)( XxP  denotes the degree of membership and [0,1]:)( XxP  denotes 

the degree of non-membership of the element Xx  to the set A  respectively with the 

condition that 1))(())((0 22  xx PP  . 

The degree of indeterminacy 
22 ))(())((1=)( xxx PPP   .        

 
Fig. 1 Pythagorean fuzzy set 

 

 

2.1. Some operations on Pythagorean Fuzzy Numbers 

 

Given three PFNs   ,= ,  111 ,=   and  222 ,=  . Yager defined the basic 

operations which can be defined as follows:  

   ,=(1)  

  212121 ,min},,{max=(2)   

  212121 ,max},,{min=(3)   

  21

2

2

2

1

2

2

2

121 ,=(4)   

  2

2

2

1

2

2

2

12121 ,=(5)   

 0.>,,)(11=(6) 2     

 0.>,)(11,=(7) 2     

Definition 5. Let  111 ,=   and  222 ,=   be two PFNs; 2

1

2

11 =)(  S  and 
2

2

2

22 =)(  S  be their score functions; 2

1

2

11 =)(  H  and 2

2

2

22 =)(  H  be the 

accuracy degrees of 1  and 2 , then Yager and Abbasov [24] defined the following:  

 ;<,)(<)(1) 212121  isthatthansmalleristhenSSIf  
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 ,>)(>)(2) 2121  thenSSIf  

 thenSSIf )(=)(3) 21   

 2121 <)(<)(  thenHHif  

 2121 >)(>)(  thenHHif  

.=,)(=)( 212121  isthatninformatiosametherepresentandthenHHif  

 

 

3. Pythagorean Fuzzy Ideals of a Near-ring 

 

In this section, we recall some basic definitions of near-rings. 

A near ring is a non-empty set R  with two binary operations  and .  satisfying the following 

axioms: 

(i) ),( R  is a group, 

(ii) ,.)(R  is a semigroup, 

(iii) zxyxzyx ..=).(   for all x , y , z  R . 

Precisely speaking, it is a left near-ring because it satisfied left distributive law. We will 

use the word "near ring " instead of "left near ring ". Note that 0=.0x  and xyyx  =)(  for 

all Ryx ,  but in general 00. x  for some Rx . 

An ideal of a near ring R  is a subset I  of R  such that  

(i) ),( I  is a normal subgroup of ),( R  

(ii) IRI   

(iii) Ixyyax  )(  for all Ia  and Ryx , . 

Definition 6. A fuzzy set A  in a near ring R  is called a fuzzy ideal of R  if it satisfies 

following properties  

 )}(),({min)()( yxyxi    

 )()()( xyxyii    

 )()()( yxyiii    

 .,,),())(()( Rzyxallforzxyyzxiv    

 Definition 7. A fuzzy set A  in a near ring R  is called a anti fuzzy ideal of R  if it satisfies 

following properties  

 )}(),({max)()( yxyxi    

 )()()( xyxyii    

 )()()( yxyiii    

 .,,),())(()( Rzyxallforzxyyzxiv    

Definition 8. Let ),(= PPP   be a pythagorean fuzzy set in a near ring R . Then P is called a 

pythagorean fuzzy ideal in a near ring R  if it satisfies  

 )}(),({min)()( yxyxi PPP    

 )()()( xyxyii PP    

 )()()( yxyiii PP    
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 )())(()( zxyyzxiv PP    

 )}(),({max)()( yxyxv PPP    

 )()()( xyxyvi PP    

 )()()( yxyvii PP    

 .,,),())(()( Rzyxallforzxyyzxviii PP    

Example 1. Let },,,{= dcbaR  be a set with two binary operations as follows:  

 

bbaad

aaaac

aaaab

aaaaa

dcba

bacdd

abdcc

cdabb

dcbaa

dcba 

 

Then ),,( R  is a near ring. Let PFS ),(= PPP   in R  defined by 0.8=)(aP , 0.6=)(bP , 

0.3=)(=)( dc PP   and 0.2=)(aP , 0.3=)(bP , 0.7=)(=)( dc PP  . 

It can be shown that pythagorean fuzzy set ),(= PPP   is an pythagorean ideal of R .  

Theorem 1. Let ),(= PPP   be a pythagorean fuzzy set in a near ring R . Then P  is a 

pythagorean fuzzy ideal of a near ring R  if and only if P  and P  are fuzzy ideals of R .  

Proof. Let PFS ),(= PPP   is a pythagorean fuzzy ideal of a near ring R . Then P  is a 

fuzzy ideal. Now, for every Ryx , , we have  

( ) =1 ( ) 1 max{ ( ), ( )} = min{1 ( ),1 ( )} = min{ ( ), ( )}P P P P P P P Px y x y x y x y x y             

( ) =1 ( ) 1 ( ) = ( )P P P Py x y y x y x x           

 ( ) =1 ( ) 1 ( ) = ( )P P P Pxy xy y y       

 (( ) ) =1 (( ) ) 1 ( ) = ( )P P P Px z y xy x z y xy z z           

 Hence P is a fuzzy ideal of R . 

Conversely, assume that P  and P  are fuzzy ideals of a near ring R . For every x , y ,

Rz  we get  

 )}(),({min)( yxyx PPP    

 )}(),1({1min)(1, yxyxisthatand PPP    

 )}(),({max1= yx PP   

 )}.(),({max)( yxyxisthat PPP    

 )()( xyxy PP    

 )(1)(1.,. xyxyei PP    

 )()(.,. xyxyei PP    

 )()( yxy PP    

 )(1)(1 yxy PP    

 )()( yxy PP    

 )())(( zxyyzx PP    
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 )(1))((1 zxyyzx PP    

 ).())(( zxyyzx PP    

 Hence the pythagorean fuzzy set ),(= PPP   is a pythagorean fuzzy ideal of a near ring R .  

Definition 9. Let PFS ),(= PPP  . Then we define two operations on P  as follows:  

 (1) = , , ( ) =1 ( ).P P P PP where x x       

 ).(1=)(,,=(2) xxwhereP PPPP    

Theorem 2. Let ),(= PPP   be a pythagorean fuzzy set in a near ring R . Then, P  is a 

pythagorean fuzzy ideal of a near ring R  if and only if = ( , )P PP    and ),(= PPP   are 

pythagorean fuzzy ideal of a near ring R .  

Proof. If PFS ),(= PPP   is a pythagorean fuzzy ideal of R  then PP  =  and P  are fuzzy 

ideals of R , hence = ( , )P PP    and ),(= PPP   are pythagorean fuzzy ideal of R . 

Conversely, if = ( , )P PP    and ),(= PPP   are pythagorean fuzzy ideals of R  then 

the fuzzy sets P  and P  are fuzzy ideals of a near ring R . 

Hence PFS ),(= PPP   is a pythagorean fuzzy ideal of a near ring R .  

Theorem  3. A pythagorean fuzzy set ),(= PPP   is a pythagorean fuzzy ideal of a near ring 

R  if and only if for all [0,1],   the non-empty set );( U  and );( L  are ideals of a 

near ring R .  

Proof. Let pythagorean fuzzy set ),(= PPP   be a pythagorean fuzzy ideal of a near ring R . 

First, for any [0,1],  , let );(, PUyx  , then  )(xP  and  )(yP . 

Hence   )}(),({min)( yxyx PPP  and so );( PUyx  . 

Second, for any );( PUx  and Ry  , we get txyxy PP  )()(  , and that 

);( tUyxy P .  

Third, for any Rr  and );( PUx , we have   )()( xxr PP  and so 

);( PUxr . 

At last, for any );( PUi  and Ryx , , then tixyyix PP  )())((  , and that 

);()( PUxyyix  . 

Therefore );( PU  is an ideal of a near ring R . 

Again, let ),(,  PLyx  , then  )(xP  and  )(yP . 

Hence   )}(),({max)( yxyx PPP , and so ),(,  PLyx  . 

Secondly, for any ),(  PLx  and Ry , we get   )()( xyxy PP , and that 

),(  PLyxy  . 

Moreover, for any Rr  and ),(  PLx  we have   )()( xxr PP , and so 

),(  PLxr . 

Finally, for any ),(  PLi  and Ryx , , we have   )())(( ixyyix AP , and that 

),()(  PLxyyix  , and therefore ),(  PL  is an ideal of a near ring R .  

Definition 10. A map f  from a near ring R  into a near ring S  is called homomorphism if 

)()(=)( yfxfyxf   and )()(=)( yfxfxyf  for all x , Ry . 
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Let SRf :  be a homomorphism of near rings. For any PFS ),(= PPP   if S  we 

define PFS ),(= f

P

f

P

fP   in R  by ))((=)( xfx P

f

P  , ))((=)( xfx P

f

P   for all Rx .  

Theorem 4. Let SRf :  be a homomorphism of near ring. If a PFS ),(= PPP   in S  is a 

pythagorean fuzzy ideal of S , then PFS ),(= f

P

f

P

fP   in R  is a pythagorean fuzzy ideal of 

R  

Proof. For any Rzyx ,, ,  

))()((=)()( yfxfyxi P

f

P    

 ))}(()),(({min yfxf PP   

 ))}.(()),(({min= yx f

P

f

P   

 ))((=)()( yxyfyxyii P

f

P    

      ))()()((= yfxfyfP   

 )).((=))(( xxf f

PP   

 ))()((=))((=)()( yfxfxyfxyiii PP

f

P   

andxxf f

PP )(=))((   

 )))(((=))(()( xyyzxfxyyzxiv P

f

P    

 ))()()())()(((= yfxfyfzfxfP   

 )).((=))(( zzf f

PP   

 ))()((=)()( yfxfyxv P

f

P    

 ))}(()),(({max yfxf PP   

 ))}.(()),(({max= yx f

P

f

P   

 ))((=)()( yxyfyxyvi P

f

P    

 ))()()((= yfxfyfP   

 )).((=))(( xxf f

PP   

 ))()((=))((=)()( yfxfxyfxyvii PP

f

P   

 andxxf f

PP )(=))((   

)))(((=))(()( xyyzxfxyyzxviii P

f

P    

 ))()()())()(((= yfxfyfzfxfP   

 )).((=))(( zzf f

PP   

 Hence ),(= PPP   is a pythagorean fuzzy ideal of a near ring R .  

Theorem 5. Let SRf :  be an epimorphism of near-rings and let PFS ),(= PPP   in S . 

If PFS ),(= f

P

f

P

fP   is a pythagorean fuzzy ideal of R , then PFS ),(= PPP   is a 

pythagorean fuzzy ideal of S .  

Proof. Let Szyx ,, , then there exist a, b, Rc  such that xaf =)( , ybf =)(  and zcf =)( .  

)}(),({min)(=))((=))()((=)()( bababafbfafyxi f

P

f

P

f

PPPP    

 )}(),({min=))}(()),(({min= yxbfaf f

P

f

P

f

P

f

P   
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 ))((=))()()((=)()( babfbfafbfyxyii PPP    

 ).(=))((=)()(= xafabab PP

f

P

f

P    

)()(=))((=))()((=)()( aababfbfafxyiii f

P

f

PPPP    

 ).(=))((= xaf PP   

 )))(((=))()()())()(((=))(()( abbcafbfafbfcfafxyyzxiv PPP    

 ).(=))((=)())((= zcfcabbca PP

f

P

f

P    

 Moreover,  

)}(),({max)(=))((=))()((=)()( bababafbfafyxv f

P

f

P

f

PPPP    

 )}.(),({min=))}(()),(({max= yxbfaf f

P

f

P

f

P

f

P   

))((=))()()((=)()( babfbfafbfyxyvi PPP    

 ).(=))((=)()(= xafabab PP

f

P

f

P    

))((=))()((=)()( abfbfafxyvii PPP   

 ).(=))((=)()(= xafaab PP

f

P

f

P    

 ))()()())()(((=))(()( bfafbfcfafxyyzxviii PP    

 ))((=)))(((= abbcaabbcaf f

PP    

 ).(=))((=)( zcfc PP

f

P   

 Hence the pythagorean fuzzy set ),(= PPP   is a pythagorean fuzzy ideal of S .  

 

 

4.  Conclusion 

 

In this study the structure of a fuzzy algebraic system, we notice that the Pythagorean fuzzy 

ideal of near ring with special properties always plays an important role. In this paper, by 

means of a kind of a new idea, we defined Pythagorean fuzzy ideal of a near-ring and 

investigated some of its related properties. In particular, we defined concept cut set of 

Pythagorean fuzzy set and proved that cut set form a Pythagorean fuzzy ideal of a near ring. 

Also, represent the homomorphism of the pythagorean fuzzy ideal of near rings and prove 

some important properties. We hope that the research along this direction can be continued, 

and in fact, some results in this paper have already constituted a platform for further 

discussion concerning the future development of near-rings. In our future study of fuzzy 

structure of near-rings, may be the following topics: describe soft near-rings and its 

applications; establish an (∈; ∈∨ q)-fuzzy spectrum of near-rings. 
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