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Abstract In this paper, we consider linear degradation in the case of multiple failure modes and obtain
the graph of survival function, traumatic failure probability function, natural failure probability
function by simulating data. We compare traumatic failure probability function, natural failure
probability function and survival probability in different sample sizes. Also sample path is simulated
by using noise.
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1 Introduction

One way of obtaining additional information about reliability of units can be degradation. In
1998, Meeker and Scobar [1] expressed applicative degradation models in engineering affaires
in their book. Nikulin and Bagdonavicius presented accelerated degradation models [2].
Degradation models with the explanatory variables (controllable and uncontrollable
covariates) are used to estimate reliability [3,4]. For example, tire wear rate and failure times
depend on quality of roads, temperature and other factors (as uncontrollable covariates) and a
puncture of a tire and the load (as controllable covariates) [5,6,7].

Non-parametric methods for linear degradation—failure time data without renewals are
given in Bagdonavicius et al. [7]. After that they could extend their work and found non
parametric estimators of intensities and failure probabilities with partial renewals [5]. Kahle
obtained statistical analysis of degradation failure time renewal data by using parametric
methods [8].

2 The model

Now we recall some notions of this model from Bagdonavicius et al. [7]. Let z(r) denote the
degradation process value at the t moment and a unit is renewed when its degradation attains
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some critical levelz,. Forj>1, let 5, denote the moment of the ;th renewal (we assume
(S, =0) ) and degradation is linear in the interval (§;;S,,,] with random degradation rate [1].
A, is the inverse of the degradation rate in this interval. Suppose that the random variables
A, 4,,... are independent and positive with the cumulative distribution functions z,,7,,....
7" (k =1,...,s) is the moment of & th traumatic failure mode. Let T :min(T(l),...,T(S))

denote the moment of a traumatic failure.
Degradation process model is introduced by:

where
J
SjJrl :zl':]AiZO'

The random variables T,..., 7 are conditionally independent and have the intensities
depending only on the wear level. It means that the conditional survival function of 7%’ is

SO ([|Z(s) =PT® > 1] Z(5).0<s <t)=exp {—j; 20 (7(s))ds) )
where
A(z)= iw () AM2)= iﬂ“ (2. AP(2)= joz A0 (y)ay,
k=1 k=1
So

S@Z@»:Hf>ﬂZ@ﬂ&séﬂzmp&ﬁiﬂhnw}

Formula (2) also implies that the conditional probability density function of 7’ is
FOAZ() =2 Z(s)exp [ AP Z(s)ds}) (3)
So

FUZE) =MZ()exp [ MZ(s)ds))

Then, the survival function of the random variable 7' equals respectively,

S@)=[" expi-an(2)}dx;(a), “

Denote byl the indicator of the failure mode that shows what kind of failure mode has
occurred for considered item:

0 if7=T79
S

k if T=T®
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The important reliability characteristics are the probability pﬁk )(2) of the failure of the kth

mode that a failure of the mode occurs before the level of degradation attains the level z given
that a unit had been renewed (j —1) times.
P (=PI <S;+z24;,V =k|T >S)

= | a] expt-an(midn® () (a), 5)

Adding (k =1,...,s)up, we obtain the probability p,(z) of a traumatic failure that a failure

occurs before the level of degradation attains the level z.(0 < z < z,) given that a unit had been
renewed (j —1) times.

p(tr)j(z)=P(f§Sj +zAj |]N">Sj)

—1- j:’ expi-aA(z)}dx ; (a), (6)

Formulas (4) and (6) imply that the probability of a natural failure in the interval[0;¢]is
POy =1-S(t)- P ()= jo " expi-ah(2)}dx ;(a), (7)

Now suppose that the each item’s curve is known up to t moment, set:
z=g(t,a)=(-S;)/ 4, , zy=g(t+Aa)

Denote in the interval[z,z + A], the probability of a failure of the kth mode and the probability

of a traumatic failure in the same interval, respectively, byQ®* (A),0'"(A). With this
notation we get

0O (A)=a I A emalA-A@]gA®) (1

0 (A)=1— ¢ 4-AE]

3 Non-parametric estimation of the cumulative intensities AP

The cumulative intensities A® are very important; therefore, we assign AP (o this
characteristics.
(S, S, T, Z(T), V).

If n units are to be tested, then for the i™ unit we can be defined as the following collection of
vectors of a random length:
(SitsorsSy i Tos Z2 V)i =1,

The cumulative distribution functions 7, are estimated by
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"
Zizl {4j;<a,m;j}

m(j)

7 (a)=

n
()= D ey
i1

For z€[0;z,),k=1,...,s Set

k
N(z)= I{Z(T)SZ.T:f}, N )(Z) = 1{Z(T)Sz,V:K}
The process N¥(z) can be written as the sum
NO @)= [ Y0)dn® 09+ M0 2,

where
A Viz(7)2 )

Y(y)= - -
1 — ¢~ An (A0 - AONAD (S,)+ KO (S, + 4, 7)

®)

€))

(10)

and M “(z)is a martingale with respect to the filtration (FZ|OS z<zy)and F, denote the o -

algebra generated by the following collections of events:

{4 <ay,..d;<a;fnim=j}

{Alﬁal, ..... AJSaj}ﬁ{m=1}ﬁ{Z(T)§y,V:k}
where j>1,k=1,....,5,d ... ,aj>0&yéz[2,9].

Let us consider another decomposition of the processes N(z) and N'¥'(z) Set
N*O) =g, s N O =Vizar oy, Y * (0 = lizsyy.

Denote by F* the o _algebra generated by N/ (s),Y" (s),0<s<t,k=1,...,5. S0

Ni (0= 20 Z @)Y * (u)du-+ M @0

where M (u)is a martingale with respect to the filtration (£, | > 0) . Set

if j<m

20
ZzZ(T)’ij{z if j=m

Also, the process N*(z) can be written as the sum

NO @)= [ 5" 0P () + M7 (2)

where

(In

(12)

(13)

(14)

(15)
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Yk**(y)zzAjl{szy}a MI*:(Z)ZJ‘O l{z(u)éz}dMZ(u) (16)
=

Now define the processes N*)(z), ¥,(y) and M,-(k)(z) as in first decomposition,
with Z(T), 4,,, S,,, V replaced by Z,(T;), 4y, » Sim,» Vi -Set

;o

N®(z)= iN,-" (2), Y(»)= ZY (), MP(z)= iM}") (2),

i=1 i=1 i=1

Another decomposition of process N*)(z) can be writing as the sum

N® ()= [T(0)da® () + 1D (2). (17)

where

T =33 4,14z, > v, MO @)=Y ["1Z; () < M (w)
i=1

i=l j=1

Moreover, M, is a martingale with respect to the filtration:

F ={Fy =o(N; (5).Y; (5).0<s <) >0}, N () =UT, <0V, =k}, Y, () =T, > 13,

The decomposition (17) implies the estimator

A -1
A0 =T 0N m= FTz)= ¥ [ZZ’AI-,-I{ZUM}}

Zp<z,v20 Zp<z,v20\ i=l j=1

4 The estimation of the probabilities p,(z)and p'“(z)

If 7,=nthen the probability p,(z)to failure before the degradation attains the level

z.(0 <z <z,) given that a unit had been renewed (j — 1) times, is estimated by the statistic:

ﬁ(tr)j(z)zl—%ZZexp{—Aij 21/?(zk)}

i=l j=1 k;Zp<z,Vi#o
Since

n 1 n_mj
m:Zmi. 7%(a)=;zzl{/1”ga}
i=1

i=1 j=1
Otherwise, the estimator is

p“’),-(z):l—#.) > exp{—Aij 21/?(zk)}

m;>j k;Zp<z,Vi#o
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The estimator of the probability p_'; (2)

1 o 1
pﬁ(z)zm > > kA,.j exp{—AI-j ZI/Y(ZS)}Y(ZZ)

im;>jl;Z;<z,V;= §;Zy<Z1Vg#0

The estimators p;and p*); are functions of the estimators A“) and 7 ;.

S Simulation in non-parametric method

For analyzing the application of the received model, we apply the simulation method. This
simulation is done by the software R. In 2000, Professor Bagdonavicius researched
degradation value and failure time of 101bus tire. The critical level of degradation in that
information was 15mm. In addition, the traumatic failure can be categorized in two groups:
the first group is the tire that punctured and the second group is the tire that exploded. In this
part, the graph of the path of item, survival function, traumatic failure probability and natural
failure probability functions are produced by using simulation.

Suppose that the model of linear degradation process is:

t
Z(t)=—
A
The simulation of the path of the item has linear model, and the natural failure value is
: T : : : :
considered by Z = R Suppose that an item failure takes place, when its degradation reaches
the critical level z,or a traumatic failure occurs. So, traumatic failure occurs for observed

degradation paths when the last degradation value is less than Z, =15.

Suppose I’ " is the natural failure time. So natural failure time of ith item, meaning
T =204 is T =15x A, . Consider the vector 4=(4;,4,) effected degradation and has
bivariate normal distribution that 4 ~N(,2)

where
2
o 0,0
H:[MJ And T =] 12/2
:u2 6162/) 62

In the software R is not possible to produce any random variable with bivariate normal
distribution; therefore, to produce variable A we use transform B = 4 Z_l/ 2

With this transformation, vector B=(B,,B,)has bivariate normal distribution with the
mean u' = p > Y2 and the variance Y.’ = Var(A4 2—1/2) :
Assume that 4=(4,,4,)=N(1.8,2.3,0.2,0.2,0) we will have:

B, ~N(%,1) B, ~ N(&

=% 1
02 Joz "
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For producing failure time, we use a parametric risk function and with survival conditional
function, we produce every failure times. The intensity functions of these failures are
1

4.
l(k)(Z) = (g)v ,so0we have T = [—(?’)(a +v+1)In S, Jev

where
St ~U(0,1)

In this simulation, we consider(c,v,0)=(0,4.7,130) and we produce Z (t) by the
calculated; T, A. Also for each i we calculate 7jand 7, . Finally each item failure time is
defined by min(7;,7;,75).

In figure 1: The graph of survival function for 100 simulated items is drawn.
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Fig. 1The graph of survival function

In figure 2 and figure 3: The graph of 100 simulated items for traumatic failure probability and
natural failure probability functions are drawn.

time

Fig. 2 The graph of traumatic failure probability function
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time

Fig. 3The graph of natural failure probability function

In figure 4: The graph of traumatic failure probability functions is drawn with different
sample sizes. We can observe when sample size is increasing, the probability function graph
becomes more natural and their slope comes close to normal (Traumatic failure probability
function, with n=10 is shown with dots, with n=40 is shown with broken lines and with n=100
is bold).

00

time

Fig. 4 Comparison of traumatic failure probability function with different sample sizes

In figure 5: The graph of natural failure probability functions is drawn with different sample
sizes. We can observe when sample size is increasing the probability function graph becomes
more natural and their slope comes close to normal. (Natural failure probability function, with
n=10 is shown with dots, with n=40 is shown with broken lines and with n=100 is bold)
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Fig. 5 Comparison of natural failure probability function with different sample sizes

89

In figure 6: The graph of survival function is drawn with different sample sizes. We can
observe when sample size is increasing; the survival function graph becomes more natural. So
their curve becomes smoother. According to the survival function feature that have decreasing
slope, at first function work with the probability 1 and finally comes to 0.

Estimated Survival Function

Estimated Survival Function

Fig. 6 Comparison of survival function with different sample sizes

1.0

0B

0z

0o 04 08

h=10
T T T T T
o 10 20 30 40
tirne
n=100
T T T T T T
O 10 20 30 40 &0

tirne

6 Simulation on the case of noise model
The actual degradation process can be categorized in two ways: 1-with noise, 2- with
measurement error. Here we use the first model which is the one with noise.
Observed degradation value is:
Z(T)=Z,(nU(1)

Estirnated Survival Function

Estirnated Survival Function
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where
InU(t) =V (t) = o W(c(t))

In this model, W is standard Winer process and independent from A. Pay attention that C is a
continuous and increasing function of time. If o =0, the actual degradation process is equal to
observed degradation. Z, (¢)is the actual degradation that can be different from the observed
degradation because of the noises that have unknown sources. Suppose the actual degradation

process is linear; therefore, by Z,.(¢) = 7 In addition, the simulation of the path of the item

has linear model. With supposition of previous part we produce Z (t) by the calculated; W, T,
A.

Z(t)=Z,.(t) e )

In figure 7 and figure 8: The graph of 50 path of the item with differents is drawn. We can
observe when o is decreasing the graph of the path becomes more smooth.
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Fig. 7 The graph of the path of item (sigma=0.01)
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Fig. 8 The graph of path of item (sigma=0.0001)
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In figure 9: The graph of survival function is drawn with differento. We can observe by
increasing o the survival function graph comes close to actual model meaningos =0.
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Fig. 9 Comparison of survival function with different o

7 Conclusions

In this paper, we used simulation in well known example of tire wear rate of buses. We
plotted survival function, traumatic and non traumatic failure probability function. Also we
used noise in degradation models for plotting degradation path. We will be interested to model
degradation with noise in analysis of joint multiple failure mode in future.
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