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Abstract Nonlinear wave equations are more difficult to study mathematically and that no general
analytical method for their solution exists. It is found that the Exponential Time Differencing (ETD)
scheme requires the least steps to achieve a given accuracy, offers a speedy method at calculation
time, and has exceptional stability properties in solving a nonlinear equation. This article explains how
we applied the exponential integrators (ETDRK4) to semi-linear problems to solve the fifth-order
KdV equation. To solve, we define a new integrating factor e~ K%t gng apply fast Fourier transform
(FFT ) for spatial discretization. For this purpose, we solve the diagonal example of the fifth-order
KdV equation via the exponential time differencing Runge-Kutta 4 method (ETDRKA4).
Implementation of the method is proposed by short Matlab programs.

Keyword: Exponential Methods; Integration Factor Methods; Exponential Time Differencing
Methods; Runge-Kutta Method.

1 Introduction

In all fields, whether science or engineering nonlinear phenomena, such as fluid mechanics,
plasma physics, optical fibers, biology, solid state physics, chemical kinematics, chemical
physics, and so on exist. It is observed that several non-linear evolution equations are
generally used to describe these complex phenomena. Thus, the powerful and efficient
methods to find numerical solutions and analytic solutions of nonlinear equations have drawn
a lot of interest by a diverse group of scientists [1-7].

Cox and Matthews presented a clear derivation of the explicit ELP schemes of arbitrary
order referring to the ELP methods as the Exponential Time Differencing (ETD) methods [8-
10]. After that Tokman studied a class of exponential propagation techniques known as
Exponential Propagation Iterative (EPI) schemes [11]. In order to make the ETD schemes
better, Wright deliberated on these schemes and thus reformed the solution in integral form of
a nonlinear autonomous system of ODEs to an extension in terms of matrix and vector
functions products [12].
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The basic formula of the ETD schemes, the linear part of the differential equation is
integrated and applied a suitable approximate for the nonlinear terms. Lawson [13] presented
a similar approach for the first time that is currently used in the integrating factor (IF)
schemes. In the approach of IF schemes [14-18], both sides of an ODE were multiplied by an
integrating factor, and made a change of variable that the linear part can be solved exactly.

Applications of exponential time difference methods are in solving stiff systems.
Moreover, comparing various fourth-order methods, including the ETD methods and their
results revealed that the best choice was the ETD4RK method for solving various one-
dimensional diffusion-type problems [19]. Aziz et al. [20-21] studied on the exponential time
difference Runge-Kutta 4 method (ETDRK4) for solving the diagonal example of Korteweg-
de Vries (KdV) and Kuramoto-Sivashinsky (K-S) equations [22-23] with Fourier's
transformation,. Other papers on this subject include [24-32].

The present paper is organized as follows: In section 1, we present the subject. In section
2, we demonstrate background of the study in which related to a diagonal example.. In section
3, we carry out the implementation on a diagonal example of the fifth —order KdV equation,
together with fast Fourier transform (FFT). In section 4, the exact and numerical solution is
compared. In section 5, a brief conclusion is provided.

2. Background of the study

In this section, we intend to show a diagonal example, which is solved via spectral method
[24]. The Burgers’ equation is given

U — JUyy T uu, =0 x €[0,1], te[0,1] Q)
with the initial and Dirichlet boundary conditions prescribed using
3
u(x,0) = (sin(2mx))? (1 — x)?2 2)

where N = 500, j = 0.0003 (for viscous Burgers’ equation) and j = 0 (for inviscid Burgers’
equation), r = 0.03 (the roots of unity in Matlab codes).

As a result of the periodic boundary condition, the problem can be reduced to a diagonal form
by Fourier transformation.

In solving the problem, we can write

Up — JUyy T+ (%uz)x = 0. 3
In the above equation, we apply the Fast Fourier transform (FFT)

l, + jk20 + 2 iku® = 0 (4)
Where i = v/—1.
The equation (4) is multiplied by eIkt e,

e, + eIt ek + S ik /Kt U2 = 0 (5)
If we define the change of variable

0 = e/¥*tq (6)
with O, = jk2e/¥*tq + e/*°t g, | )
and substituting (7) in (5), we have

O+ ik e/t u2 =0, (8)

Working in Fourier space (applying FFT), the numerical algorithm discretizing can be
obtained by

O, +5 /K kE((F~' (e TK*0))?) = 0. (9)
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where F is the Fourier transformed operator, and the following programme solves the
diagonal of Burgers’ equation. The Matlab program is proposed [24].

Fig.1 Time evolution for the inviscid Burgers equation (j = 0).The x axis runs from x = -
3to x = 3, and the t-axis runs fromt = 0 to t = 150.

Fig. 2 Time evolution for the viscous Burgers’ equation (j # (), where the x axis runs from x = 3 to x = 3, and
the t-axis runs fromt =0 to t = 150.

3. A diagonal example

The fifth-order kdv equation is considered as follows:
Up + UUy + Uyypxx = 0 , X € [—m,m] (10)
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The equation (10) can be written as
1

U + (Euz)x + Usyxxx = 0

With the initial condition given by

u(x,0) = —%AZBZsech2 (%) — %AZB2 (11)
where A and are arbitrary constants.

In the above equation, the fast Fourier transform (FFT) is applied

T+ ul—ikS0n=0, (12)
Where i = v/—1.
The equation (12) is multiplied by e~ k5t _ the integrating factor-to find

eIt 4 e IR 2 — Tkt iS g = (13)
Let us consider

0 =e *°tq, with U, = —ikSe *°tq 4 =kt g7

The equation (13) changes to the following form

U; +1k30 +5 e ku? — kS0 = 0 (14)
i.e,

U, +é ekt g2 = 0 (15)
To work in Fourier's space, the numerical algorithm discretizing can be found by

Uy +1 e ™tk F((FT (e 0 ))?) = 0, (16)

Where F is the Fourier transformed operator.
For time stepping, we use the ETDRK4 with t = 150, the ETDRK4 is given by

a, = uye’2 + (e"/2 — I)N(uy, t,)/L, 17)
b, = ueM’2 + (M2 — )N(ap, t, + h/2)/L (18)
cn = ape/2 + (e"/2 — 1) (2N(by, t, + h/2) = N(uy, t,)) /L (19)
Upyq = ape + (20)

{@1N(un, tn) + 2®2(N(an,tn + h/Z ) + N(bn;tn + h/2 )) ,
+05 N(cp t, + h)} /(12h?),

Where

@, = (Lh? — 3Lh + 4)e" —Lh — 4, (1)
@, = (Lh—2)eM + Lh + 2, (22)
®; = (—Lh + 4)e" — [2h? — 3Lh — 4 (23)
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Fig. 3 Time Evolution for the fifth-order KdV equation. The X Axis Runs from X = —Tto X = T and the t-
Axis Runs from t=0 to t=150.

4. Comparison with the numerical solution and the exact solution

The fifth-order KdV equation (10) and initial condition (11) are presented. In Figure 4, the
results of the equation (11) are plotted

Fig. 4 The Evolution of Exact Solution the fifth-order KdV equation.

Figure 4 shows that the results of ETDRK4 numerical solution as shown in Figure 3 are
suitable to the exact solution. In summary, the ETDRK4 is able to create the numerical
solution.
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5. Conclusion

In this work, we have considered a nonlinear wave equation. We have presented the fifth-
order KdV equation with the initial condition u(x, 0) = —%Aszsechz (Azﬂ) - EAZBZ. To

integrate the system (10), the ETDRK4 method is applied. To solve the equation, we
illustrated the Matlab software. Figure 4 shows the result created by Matlab code listed
(Appendix A). It is seen that ETDRK4 is suitable in every case. For diagonal and non-
diagonal problems, it works equally well because it is accurate and fast, and the ETDRK4
needs the fewest steps to achieve a given accuracy. Furthermore, to run the programmes, the
computational time required is less than one second, which is faster compared with the
conventional Runge-Kutta 4.

Acknowledgments

One author (M.R. Askaripour Lahiji) acknowledges the support by the Islamic Azad University of Astaneh
Ashrafieh Branch.

References

1. Damelys, Z.,, Aura L. L., (2007). Effect of the Finite Difference Solution Scheme in a Free Boundary
Convective Mass Transfer Model, WSEAS Transactions on Mathematics, 35(6) 693-701.

2. Raimonds, V., Andris, B.,(2008). Conservative Averaging and Finite Difference Methods for Transient Heat
Conduction in 3D Fuse, WSEAS Transactions on Heat and Mass Transfer, 3(1).

3. Mastorakis, N., (2007). An Extended Crank-Nicholson Method and its Applications in the Solution of
Partial Differential Equations: 1-D and 3-D Conduction Equations, WSEAS Transactions on Mathematics,
6(1), 215- 225.

4. Nikos E., (2005). Numerical Solution of Non-Linear Ordinary Differential Equations via Collocation

Method (Finite Elements) and Genetic Algorithm, WSEAS Transactions on Information Science and

Applications, 2(5), 467-473.

Huiqun, Y., (2007).Commun. Nonlinear Sci. Numer. Simul. 12 (5) , 627-635.

6. Wazwa, A., (2007). New solitary wave and periodic wave solutions to the (2+1)-dimensional Nizhnik-
Nivikov- veselov system. Appl. Math. Comput. 187 , 1584-1591.

7. Senthil, C., (2009). Radha R, lakshmanan M. Trilinearization and localized coherent structures and periodic

solutions for the (2+1) dimensional K-dv and NNV equations. Chaos, Solitons and Fractals. 39
,942-955,

8. Cox,S, Matthews,P.,(2002). Exponential time differencing for stiff systems, Journal of Computational
Physics.  76(2) ,430-455. http://dx.doi.org/10.1006/jcph.2002.6995.

9. Holland, R., (1994). Finite-difference time-domain (FDTD) analysis of magnetic diffusion, Electromagnetic

Compatibility, IEEE Transactions on. 36(1) , 32-39.

10. Petropoulos, P., (1997). Analysis of exponential time-differencing for FDTD in lossy dielectrics. Antennas
and Propagation, IEEE Transactions on. 45(6) , 1054-1057. http://dx.doi.org/10.1109/8.585755.

11. Tokman, M., (2006). Efficient integration of large stiff systems of ODEs with exponential propagation
iterative (EPI) methods. Journal of  Computational Physics. 213(2), 748-776.
http://dx.doi.org/10.1016/j.jcp.2005.08.032.

12. Wright, W., (2004). A partial history of exponential integrators. Department of Mathematical Sciences,
NTNU, Norway, .

13. Lawson, j., (1997). Generalized Runge-Kutta processes for stable systems with large Lipschitz constants.
SIAM Journal on Numerical Analysis. 4(3) ,372-380. http://dx.doi.org/10.1137/0704033.

14. Berland,H, Owren, B.(2006). Skaflestad, Solving the nonlinear Schrodinger equation using exponential
integrators, Modeling, Identification and Control. 27(4) ,201-217.
http://dx.doi.org/10.4173/mic.2006.4.1.

o


http://dx.doi.org/10.1006/jcph.2002.6995
http://dx.doi.org/10.1109/8.585755
http://dx.doi.org/10.1016/j.jcp.2005.08.032
http://dx.doi.org/10.1137/0704033
http://dx.doi.org/10.4173/mic.2006.4.1
http://dx.doi.org/10.71885/ijorlu-2023-1-649
https://ijaor.com/article-1-649-en.html

[ Downloaded from ijaor.com on 2025-12-14 ]

[ DOI: 10.71885/ijorlu-2023-1-649 ]

Numerical solution for the fifth-order KdV equation by using spectral methods 63

15.

16.

17.

18.

19.

20.

21,

22,

23.

24,

25,

26.

27.

28.

29.

30.

31.

32.

Kassam, A., (2004). High order time stepping for stiff semi linear partial differential equations, University
of Oxford, .

Berland, H, B. Skaflestad, W., (2007). Wright, EXPINT-A MATLAB package for exponential integrators.
ACM Transactions on Mathematical Software (TOMS). 33(1), 4.
http://dx.doi.org/10.1145/1206040.1206044.

Kassam, A, Trefethen, L., (2005).Fourth-order time-stepping for stiff PDEs. SIAM Journal on Scientific
Computing. 26(4) ,1214-1233. http://dx.doi.org/10.1137/S1064827502410633.

Krogstad, S., (2005) Generalized integrating factor methods for stiff PDEs. Journal of Computational
Physics. 203(1) , 72-88. http://dx.doi.org/10.1016/j.jcp.2004.08.006.

Klein, C., (2008). Fourth order time-stepping for low dispersion Korteweg-de Vries and nonlinear
Schrédinger equation. Electronic Transactions on Numerical Analysis. 29,116-135.

Aziz, Z, Yaacob, Y, Askaripour, M, Ghanbari, M., (2013). Fourth-Order Time Stepping for Stiff PDEs via
Integrating Factor. Advanced Science Letters. 19(1) , 170-173. http://dx.doi.org/10.1166/asl.2013.4667.
Aziz ,Z, Askaripour, M, Ghanbari ,M., (2012). A New Review of Exponential Integrator, USA: CreateSpace
106.

Hyman, J, B. Nicolaenko, B., (1986). The Kuramoto-Sivashinsky equation: a bridge between PDE's and
dynamical systems. Physica D: Nonlinear Phenomena. 18(1) ,113-126.

Nicolaenko, B, Scheurer, B, Temam, R., (1985). Some global dynamical properties of the Kuramoto-
Sivashinsky equations: nonlinear stability and attractors. Physica D: Nonlinear Phenomena. 16(2) , 155-183.
http://dx.doi.org/10.1016/0167-2789(85)90056-9.

Askaripour, M, Aziz, Z, M. Ghanbari, M, Panj mini, H, (2013). A Note on Fourth-Order Time Stepping for
Stiff PDE via Spectral Method. Applied Mathematical Sciences.7 (38), 1881-1889.

Aziz,Z, Yaacob, N ,Askaripour,M, Ghanbari,M.,(2012). A review for the time integration of semi-linear
stiff problems. Journal of Basic & Applied Scientific Research. 2(7) , 6441-6448.

Lahiji,M, Aziz,Z., (2014). Numerical Solution for Kawahara Equation by Using Spectral Methods, IERI
Procedia. 10, 259-265. http://dx.doi.org/10.1016/j.ieri.2014.09.086.

Lahiji, M, Aziz, Z., (2015), Numerical Solution of the Nonlinear Wave Equation via Fourth-Order Time
Stepping, In Applied Mechanics and Materials.729, 213-219.
http://dx.doi.org/10.4028/www.scientific.net/ AMM.729.213.

Aziz, Z, Yaacob,,N ,Askaripour, M, Ghanbari,M, (2012). A review of the time discretization of semi linear
parabolic problems. Research Journal of Applied Sciences, Engineering and Technology. 4(19) , 3539-3543.
Aziz,Z, Yaacob,,N ,Askaripour, M, Ghanbari,M, (2012). Split-Step Multi-Symplectic Method for Nonlinear
Schrédinger Equation, Research Journal of Applied Sciences, Engineering and Technology. 4(19) , 3858-
3864.

Aziz,Z, Yaacob, N ,Askaripour, M, Ghanbari,M (2012). A Numerical Approach for Solving a General
Nonlinear Wave Equation, Research Journal of Applied Sciences, Engineering and Technology. 4(19)
,3834-3837.

Askaripour, M, Aziz, Ghanbari, M, Farzamnia, A., (2013). Efficient Semi-Implicit Schemes for Stiff
Systems via Newton's Form, Journal of Optoelectronics and Biomedical Materials.5 (3), 43-50.
Askaripour,M, Ghanbari,M, Panj Mini, H., (2015). "An efficient numerical technique for the solution of
nonlinear heat equation via spectral method." International Journal of Applied Mathematical Research 4(3),
437-441.


http://dx.doi.org/10.1145/1206040.1206044
http://dx.doi.org/10.1137/S1064827502410633
http://dx.doi.org/10.1016/j.jcp.2004.08.006
http://dx.doi.org/10.1166/asl.2013.4667
http://dx.doi.org/10.1016/0167-2789\(85\)90056-9
http://dx.doi.org/10.1016/j.ieri.2014.09.086
http://dx.doi.org/10.4028/www.scientific.net/AMM.729.213
http://dx.doi.org/10.71885/ijorlu-2023-1-649
https://ijaor.com/article-1-649-en.html

[ Downloaded from ijaor.com on 2025-12-14 ]

[ DOI: 10.71885/ijorlu-2023-1-649 ]

64 M. Askaripour Lahiji et al. / IJAOR Vol. 11, No. 3, 57-64, Summer 2023 (Serial #38)

Appendix A.

Matlab code to solve the fifth-order kdv equation and produce Figure 1.

clear

clc

N = 256; dt = .4/N"2; x = (2*pi/N)*(-N/2:N/2-1);

A =1; B =1, clf, drawnow

u =- 3/2*AN2*B"2*sech(( A*B*x)/2).~2 - 17/12*B"2*A*2;
v= fft(u);

% precomputed various ETDRK4 scalar quantities:

k =[0:N/2-1 0 -N/2+1:-1];

ik5 = 1i*k."5;

L=ik5;

% h = waitbar(0, 'please Wait. . . ");

h=1/4;

E = exp (dt*ik5/2); E2 = E"2;

M = 16; % no. of points for complex means

r = exp (Li*pi*((1:M)-.5)/M);

LR1= h*L (:,ones(M,1));

LR2=r (:, ones (M,1));

LR= LR1+LR2;

Q = h*real (mean( (exp(LR/2)-1)./LR ,2));

fl = h*real(mean( (-4-LR+exp(LR).*(4-3*LR+LR.*2))./LR."3 ,2));
f2 = h*real (mean( (2+LR+exp(LR).*(-2+LR))./LR."3 ,2));
f3 = h*real (mean( (-4-3*LR-LR."2+exp(LR).*(4-LR))./LR.*3 ,2));
% Main time-stepping loop:

uu=u; tt=0;

g = -.5i*dt*k ;

% Solve PDE and plot results:

tmax = 0.006 ; nplt = floor ( (tmax/25) /dt ) ; nmax = round(tmax/dt) ;
for n = L:nmax

t = n*dt;

Nv = g.*fft(real (ifft(v)).2);

a=E2.*v+ Q.*Nv;

Na = g.*fft(real(ifft(a))."2);

b =E2.*v + Q.*Na;

Nb = g.*fft(real (ifft(b))."2);

c = E2.*a + Q.*(2*Nb-Nv);

Nc = g.*fft(real (ifft(c))."2);

v = E.*v + Nv.*fl + 2*(Na+Nb).*f2 + Nc.*f3;

if mod(n,nplt)==0

u = real(ifft(v));

uu = [uu,u]; tt = Jtt t];

end

end

nn=length(tt);

mm=length(x);

uu2=reshape(uu,mm,nn);

figure

[mm,nn,uu2]=peaks;

waterfall (mm,nn,uu?2);

colormap( [0 00]), view (-20,25);

xlabel x, ylabel t, axis([-pi pi 0 tmax 0 2000]), grid off

set (gca, 'ztick', [O 2000] ) , close(h) , pbaspect ( [I 1 .13])
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